IMSC 2058 Solution for Homework 6

Ex 4.24
We first show that if each X; is Hausdorff, then X is Hausdorff.

Let p = (pi)icr and g = (gi)ier be distinct points in X, so there exists at least one index j € I
with p; # g;. Since X is Hausdorff, there exist two disjoint open sets p; € U; and ¢; € Vj in
Xj with Uj N VJ = 0.

Define U = [[;c; Ui and V' = [[,c; Vi, where U; = V; = X for i # j. Clearly, U,V are open
and p € U, g € V, moreover U [V = (). Hence X = HZ.GI X, is Hausdorff.

X =1]
Hausdorff.

ser Xi is Hausdorff. Suppose, for contradiction, that some X; (for fixed j € I) is not

Let ¢ = (¢;)ier € X be an arbitrary point. Define two points p,q € X by

p:(Cl,CQ,"' ,G,Cj_t,_l,"'), p:(617627"' ,b,Cj+1,"')

where a # b. Clearly, p, q agree in every coordinate except j. Since X is Hausdorff, there exist
disjoint open neighborhoods U,V such that p € U, g € V and UV = 0.

We write U = [[;¢; Ui and V = [],c; Vi, where each U;, V; is open in X, and all but finitely
many are full spaces.

Since the projections 7; : X — X are continuous. Then 7;(U) and 7;(V') are open in X; and
acmj(U),bem(V).

If 7;(U) N 7j(V) = 0, then U; and V; would separate a and b in X, contradicting the
assumption that X is not Hausdorff. Thus 7;(U) N7;(V) # (. There must exist d € 7;(U) N
(V).

Let r = (c1,¢2,-++ ,d,¢j41,-++). Then r € U and r € V,which means that U NV # 0. It
contradict to U NV = (), so every X; must be Hausdorff.
Ex 5.4

For each z € X, by continuity of f at x, there exists d, > 0 such that if p(x,y) < ¢, then
|f(x) = f(y)] < §. We define the open ball B(z,d,) = {y € X | p(z,y) < 6.}, which is open in
the metric topology. Then the collection {B(z,d;) | * € X} is an open cover of X. Since X is
compact, this open cover has a finite subcover

X = U B(z, 6z,)
k=1

where x1,x9,...,2, € X.
Let § = min{dy,/2,05,/2,...,0z,/2} > 0. Now, for arbitrary x,y € X with p(z,y) < J, y
must lie in at least one B(zy, dz, /2) for some k. Then
J
pla, k) < p(w,y) + ply, o) <0+ 25 < by
It follows that

(@) = F@)| < 1F(@) = Flan)] + ) = F)] < 5+ 5 ==

Therefore f is uniform continuous on X.



